Proportional fairness—a query

In Charging and rate control for elastic traffic, proportional fairnessis defined: “A vedor of rates
X=(Xs, SO S is proportionally fair if it is feasible (that is x > 0 and Ax < C) and if for any other
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feasble vedor x*, the aygregate proportion of changes is negative: ; <0” 1, (Sis defined
as the set of source-sinks on the network, and the mndition Ax < C stipulates that no resource s
cgpadty should be exceedeé.)

However, | have found that for certain networksthereisno set of rates x that passesthistest. On the
other hand, | have found that, for those same networks, it is possble to find (analyticdly) a set of
Xs = X5

Ve >0.

rates, x, that satisfy adual equation to the one above: ;

This implies that this st of rates, x, is better (in terms of proportional fairnesg than any other
feasble set of rates, x*, that could be cmonsdered. And yet, this st of rates does not meet the
criterion for proportional fairness—there ae awhole dassof aternative sets of rates, x*, for which

X = X,
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My main question, therefore, is: is the definition of proportional fairnesscorreda or complete? In the
cases | have consdered, the set of rates which | believe to be the proportionally fair set always

satisfies a modified version of the original equation: ;u <0, as well as stisfying the dual
& X

O

equation: ;u > (0. Should the definition of proportional fairnessrefled either of these fadsin
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some way?

My second question is more philosophicd. In the networks I've considered a set of rates, x, can be
O

found that satisfies ;ﬁ_—mxi >0 for any feasible dternative x*, and yet there is a whole dass of
S XS

these dternatives for which ;u = 0 —which implies that these sets of rates, x*, are no worse
§ S

(in terms of proportional fairnesg than the set x. This seams odd to me — X is better than x*, but x*
is no wor se than x. Why should this be?

Included below are the cdculations that | have been through as | have examined these isaues. If a
network topology was such that Lemmas 1 & 2 both held (it may only be necessary for Lemma 1 to
hold, I’'m not sure), then it is not posshble to find a set of rates that meds the defined criterion for
proportional fairness and yet it is possble to find one that is better than any feasible dternative. In
order to keep the cdculations smple, | have @mnsidered what is perhaps the smplest network for
which these Lemmas hold. However, it is not difficult to seehow the cdculations would be extended
if the network topology was changed (to another for which both Lemmas also held).



Proportional fairness—a query

Consider the smple network below, with threeusers 1, 2 and 3 and two resources, a and b. Let the
throughput cgpaaties of a and b be 1 wnit, and let the flows generated by 1,2 and 3 be x1, X2 and X3
respedively.
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Then, asauming that the users al express the same willingness to pay (mi=mp=m3) then a
proportionally fair set of rates x = { X1, X2, x3g} must satisfy!
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; " <0 (1)

for any other feasible set of rates x*.

Lemmal
Inthis case, if x ={x1, X2, X3} is proportionally fair, then both resources a and b will be fully utili sed,
and X2 = X3.

Proof
Asaume x = {1, X2, X3} is proportionally fair and one of the resources is not fully utilised. Assume

that resource a is not fully utilised. In that case, flow xo can be increased by an amount 6= 1—
(x1 +x2) >0giving xX* ={x1, X2 + 9, X3}, and:
ZX;_stxl_X1+X2+6_X2+X3_X3
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which contradicts the assumption that { x1, Xo, X3} satisfies equation (1).

Similarly, if resource b were not fully utilised, flow x3 could be increased by an amount 6=1—
(X1 + xg) > 0, and equation (1) would again not be satisfied.

Hence both resources must be fully utilised if X = {X3, X2, X3} isproportionaly fair, and xo =xz3=1—
X1.

Lemma 2
If x={X1, X2, X3} is such that both resources are fully utilised and equation (1) holds for all

X* ={xg + 9, X0 —9, x3—0&} for al & [ [—x1, 1—Xq] then x is proportionaly fair.

1 Kdly, F.P. (1997. Charging and rate ntrol for dastic traffic. European Transactions on
Telecommunications, 8, 33-37.



Proof
By lemma 1, if x={x1, X, X3} is proportionally fair, then resources a and b will be fully utili sed.

Therefore the set of sets of feasible rates against which a set of feasible rates hasto be tested to seeif
it isproportionadly fair isjust those which fully utili se both resources.

Asaume that y = {y1, Y2, y3} utilises both aand b fully. Let d =y1 — X3, then since both x and y are
feasble, d [—X1, 1—X1]. Also, Sincexo=xz3=1—-xiandy2=y3=1-yji,

y2=1-(0+x1) =(1—-x%1) —d=xp—0 and, smilarly, y3 = x3— 0. So, al sets of feasible rates which
fully utili se both a and b can be written as x* ={x1 + §, xo — §, x3 — &} for some

0 [—X1, 1—x1], asrequired.

Now, assume that a proportionally fair set of rates exists, and denote that set by x = {x1, xo, X3}. So,
we have:
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Equations (2) and (3) cannot both be true simultaneoudly, and yet they both follow from equation
(1). Thisseams toimply that there is no proportiondly fair set of rates for this Smple network.

However, if equation (1) is modified:
Xs = X

; X <0 (19
then the chain of inequditiesaso become < or > and equations (2) and (3) become
X% <X 2
o 20 %= 2 (23)
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and HA>2 ., x >2 3
0 20 % 2 (39
respedively, indicaing that the proportionaly far solutionis given by:
X2
X; :E (4)
If we take x = égg} to satisfy this relationship, then for all sets of rates that fully utilise both
Xs = Xs

resources, ; = 0 —which seansto indicae that x isno better than any x*.



On the other hand, consider the inequality
_ v
;XS %50 (5)
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asapossbletest for proportional fairness

In the cag of the dmple retwork under consideration, we have:
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35+ 5(2xl - x2)

- (xl + 6Xx2 - 6)

Now, 0 [ [—X1, 1—X1], i.e. & I [-X1, X2]. So (X1 + d)(X2 — &) =0 for any valid d. S0, therefore,
X — X )
ZSJXT% >0 = 35° +5(2x,— %, )> 008 0[-x,, %]
Clealy, if 2x1 = x, then thiswill be satisfied for al d# 0 (6 =0 0 x = x*). If however, 2x1 # Xo, then
consider the two cases 2x1>%x2 and 2x1<x2. Recdl that xo =1 — X.

X — X xl—(xl+6)+2x2—(x2—6)
S; X X — 0
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Casel: 2x1>X2
;XX;DXSD >0 = 35° +5(2% - %,)>0 05 0[-x,%,|
= 35 + (3%, ~1)>0 08 O[-x,,1- x|
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letx, -3 =a (> 0) then
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But —a=1-x>-xand -a <l-xso
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Hencelx, >4 [® D[—xl, x2] s.t.35° +5(2x1 - x2)< 0



Case 2: 2x1<x2
As before,

ZXS;DXSD >0 = 8" +8(x ~1)>0050[-x,1-x]
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letx, -1 = B (<0) then

;Xs;xsmx)@ 52+35>OD6D[—X1,X2]
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But -3 =1-x>-xand- <1-X s0
O-B)n [x1-x]=0-8)n [xx]# 0
Hencelx, << [B D[—xl, x2] 5.1.35° +5(2%,~ %)< 0

Therefore, for al pairs xq, X2 with 2x1 # X2, 110 D[—xl, xz] s.1.30° + 5(2)(1 - x2)< 0.

And so, equation (5) can be used to derive the proportionally fair solution anayticdly (for this

O

simple network), yielding x = {3 2,2}, and ; XS;DXS
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>0 for al feasible x* which fully utili se both

resources — indicating that x redly is better than all alternatives, x*.



